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1. INTRODUCTION 
We consider the two point boundary value problem 
Lu = d”) + un-*(X)U(~-2) + ..* + u&)zd = -p% (l.la) 
uu = MuT(0) + NUT(l) = 0, (l.lb) 
where aj E C[O, l] for j = 0, l,..., n - 2, M, NE I&(C) with rank (M, N) = n 
and U’(X) : = [U(X), U’(X),..., zJn-l)(~)lt. 
Benzinger [l] defines a subclass of these problems as follows: With the 
specific fundamental matrix @(x, p) of (1 .la) found by Birkhoff [2] (see also 
[ 1, (2.6), (2.7)]) he considers the determinant D(p) = det(M@(O, p) + N@( 1, p)), 
which is seen to be an exponential sum D(p) = Cfz;’ h,(p) t+l, where ci runs 
through all linear combinations of q’s (wj = e(2j-1)nijn) with coefficients 
0 and 1. The most important role in this exponential sum is played by the two 
terms-if n is odd-, resp. the three terms-if n is even-, whose exponents 
have the largest real part in the considered sectors of the complex plane. So 
Benzinger calls the problem (1.1) Stone-regular, if these two resp. three expo- 
nential terms have as coefficients hi(p) asymptotic power functions, i.e. functions 
of the form p%[l + c(p)], where m E E, a # 0 and c(p) goes to zero uniformly 
as 1 p j -+ co in the considered sector Tk . 
Contrary to a remark in the introduction of [l] the so defined class of Stone- 
regular problems includes as subclasses neither the Birkhoff-regular problems 
for even 12, nor the irregular problems for it = 2 considered by Stone in [8], 
as the two examples show: 
(1) The problemy” = -p2y, M = (i h), N = (z t) is regular in the sense 
of Birkhoff, but not Stone-regular in the sense of Benzinger, since D(p) = 
p2e-i~ _ P2eio, i.e., the coefficient of eP”e is zero and therefore not an asymptotic 
power function. 
(2) The problem y” = -p2y, M = (y i), N = (-: t) is of type 1 in the 
class of problems considered by Stone in [8], but not Stone-regular in the sense 
of Benzinger, since D(p) = eiD - e@‘, i.e., the coefficient of eon2 is again zero. 
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The first example shows also, that theorem 5.1 of [I] cannot be true. 
We shall give here a new definition of Stone-regularity in the case of even n 
that includes the problems covered by the definition in [l], the Birkhoff-regular 
problems, and the problems considered by Stone in [S]. Furthermore, we shall 
see that the results of [l] hold also for this larger class of problems and thus we 
obtain equiconvergence with respect to the Riesz typical means of the eigen- 
function expansion and the Fourier series of an arbitrary summable function. 
In the last section we shall give some sufficient conditions for Stone-regularity 
depending only on the boundary conditions (1.1 b). 
We remark, that for odd n the definition of Stone-regularity given in [I] 
includes the case of Birkhoff-regular problems. 
2. THE NEW DEFINITION OF STONE-REGULARITY FOR EVEN n 
We use the same notation as in [l] and define instead of [l] definition 3.1 
for even n: 
DEFINITION 2.1. The problem (I .l) for even n is Stone-regular, if the 
coefficients of epgl and .@Q are asymptotic power functions of the form 
pq[l + E,(P)] resp. p”w,[l T c&)1 (with ml , m3 E Z, al a3 f 0, 4>, 
c3(p) -+ 0 for / p i + co), and the coefficient of o pup is either also an asymptotic 
power function or is of the form o(p+) with m2 < J(ml f m,), my E R for 
/PI-~. 
Here these requirements have to be satisfied in case III (rr = 0 mod 4) for 
the sectors To and Tl , in case IV (n = 2 mod 4) for the sectors T,, and Tznml 
(mi , ai , l i (i = 1, 3) and the coefficient of P* depend on the sector). 
We consider here the case that the coefficient of PO* is of the form o(p)Q) 
with m2 < $(ml + mJ - the other case is treated in [I]. First, we see that the 
determinant D(p) has the representation 
D(p) = p%l[l + l (p)]e’“~ + cl,(p)e”‘“” + p?73[1 + &)]eQon (2.2) 
for p E To and p E Tl resp. p E T,, and p E Tz,L--l with d,(p) = o(p”s) -: pnLQp) 
and Q(P) -+ 0 uniformly as ! p 1 -+ cc (i = I, 2, 3) in the considered sector. 
Making the substitution z := PW” with 
w() := I’? _ in case III (n = 4~) 
W3" 1 in case IV (n = 4v - 2) 
in the exponential sum Y(y(p) :- p-*Pfle-oul D(p), we obtain the expression 
Y(Zco,‘) = Ul i- Cl(Z) + z”‘2~“1<,(z)e’ + Zm3-*‘d3[1 + &(z)]e”’ 
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with : Zr(z) := Q(zw~~), &(x) : = w;;~~-‘%~(zw;~), Z,(Z) := +xu;‘) and 
a.3 .- - -- +p-m *. This is an exponential sum at which the theory of Langer [4] 
is applicable, since the first and the third term are ordinary terms and the second 
term fulfills the hypothesis of [4, p. 2231 by reason of the order of d,(p) if it is an 
exceptional term. This theory yields a similar asymptotic distribution of the 
eigenvalues as described in [l, theorem 3.11 and above all the same asymptotic 
estimation for l/D(p) as in [l, theorem 3.21. With the same reasoning as in 
[l, chapter 41 we get the same results as in the case considered in [l]. 
3. THE CLASSICAL PROBLEMS 
In this section we want to show, that the Birkhoff-regular problems (i.e. the 
regular problems considered by Birkhoff in [2]) and the problems considered 
by Stone in [g] are Stone-regular in this new sense. For this purpose we look 
at the coefficients hi(p) of e 0~ in D(p) and we can represent them explicitly using 
the specific fundamental matrix (see [l, (2.6)]) @(x, p) = ($-l)(x, ~))~,+i,...,~ 
with u~“‘(cc, p) = (pwi) z epO+Tl + U/P) c&, PL where wj = &+l)d/n and 
cu(p) = O(1) uniformly in x E [0, l] as 1 p 1 -+ cc in the sector T,(k = O,..., 
2n - 1) j = l)....) 71, I = 0 ,..., n - 1). With the abbreviations M = (0~s ,
a1 ,..., CX,-~), N = (PO , & ,..., L1) we have: 
W-1 
h&J) = 1 pkl+.-+k"W:l . .*. . clJ> 1 r;;, ) l$f2 ,..., g, 1 
kl..,..k,=O 
x fil (1 + ; ?kid(f)) 
n-1 
= 1 f”l+-.+“nw:~ . . . . . w”, 
kl....,k,=O 
where 
x I G, , G, t*.*, 5:" I (1 + i ou$ 
l;k3 := 1;: 
if wj has coefficient 0 in ci 
if wi has coefficient 1 in ci 
and 
if wj has coefficient 0 in ci 
if wi has coefficient 1 in ci . 
(3.1) 
For the Birkhoff-regular problems we suppose, that the boundary conditions 
are normalized (see [5, p. 551) and we define I := Zr + **. + I,, , the sum of 
the highest derivatives of each line in (1.1 b). The constants 0r and 0, (see 123) 
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appear in D(p) precisely as coefficients of the highest power 1 of p in the coeffi- 
cients of ep”l and epOs. So the Birkhoff-regularity implies: 
for I I;;, , <:, ,..., cm I belonging to e 001 or eD03 . Since the boundary conditions are 
supposed to be normalized, we have / c:, , L$ ,..., 5; / = 0 for li, + K, + 
... + 12, > I, and therefore we see, that the coefficients”of epol and of ePos are 
asymptotic power functions. If 0, T * 0, the same reasoning yields, that also 
the coefficient of eo”z is an asymptotic power functions. If f9, = 0, the normaliza- 
tion of the boundary conditions and (3.1) shows, that the coefficient of eoOz 
has the form o(pm*) with some m2 < 1. In each case the problem is Stone-regular. 
The problems considered by Stone [8] are also Stone-regular, since these are 
just problems (n = 2) for which the coefficients of eoOl and eoos are asymptotic 
power functions and the coefficient of e ~2 is either an asymptotic power function 
or equal to zero. 
4. SUFFICIENT CONDITIONS FOR STONE-REGULARITY 
Following the example of [l] we shall give for even n two sufficient conditions 
for Stone-regularity depending only on the boundary conditions. For this 
purpose we define 
and get 
PROPOSITION 4.1. Each ol~e of the following conditions (a), (b) is sufficient for 
Stone-regularity of (1.1) in the case of ewen 12: 
(a) There exist integers rl , r2 with 
(9 c 1 2 




wklwke , . . . - w?[A(k, ,..., k, ; k, 1) 
k,+* -+k,,--r, 
+ A(& I..., h ; P, dl f 0 
(ii) A@, ,..., k,;i,j)=Ofork,+~~~+k,>r,andA(k,,...,k,;k, 
I) = A(k, )...) k,;p,q)=Ofork,+-..+k,>r,. 
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(b) There exists un integer Y with 
(i) 1 C+J~ . **. . w$A(R, ,..., K, ; i,j) # 0 
kl+...+kn=T 
(ii) A(& ,..., k, ; i,j) = A(k, ,..., k, ; k, 1) = A(k, ,..., k, ; p, q) = 0 
for k, + ... + k, > Y. 
In (a) and (b) we have to choose in case III i = n/4, j = 3n/4, k = n/4 - I, 
2 = 3n/4, p = n/4, q = 3n/4 - 1 and in case IV i = *(n - 2), j = $(3n - 2), 
k = $(n. - 2), I = &(3n + 2), p = $(n + 2), q = t(3n - 2). 
Proof. (a) The terms of (i) appear in the coefficients of epol and coo? in 
D(p) - see (3.1). So (ii) implies, that these terms in (i) are just the coefficients 
of the highest power of p. Therefore we see, that the coefficients of epol and eoO% 
in D(p) are asymptotic power functions. Since 
c o$l ..* w?A(k, ,..., k, ; i,j) 
I,+...+k,=Tl 
= (- l)?z-l e2pl(niln) c w:l . ... * w>A(k, ,..., k, ; i - 1, j - 1) 
7t1+...+k,=r1 
(case III) 
= (-1)“~’ e-2rl(niln) c C$ * ... . w?A(k, ,..., k, ; i + 1,j + 1) 
k,+...+k,=r 1 
(case IV) 
we see, that also the coefficient of eoOs is an asymptotic power function. 
(b) As in (a) we deduce from (i) and (ii), that the coefficients of cool and 
eP”a are asymptotic power functions of the form praJ1 + E(P)]. We have therefore 
only to look at the coefficient of eDO* . In the case, that 
A(k 1 ,..., k, ; k, 1) = A(k, ,..., k,;p,q)=Oevenfork,+*..+k, >Y 
we see, that the coefficient of e p0p is of the form o(p”z) with some me < Y. If 
A@, ,..., k, ; k, Z) # 0 or A(k, ,..., k,, ; p, q) # 0 for k, + ... + k, = I, 
part (a) yields the assertion in the case of 
1 WI k1 . ..+ . u$[A(k, ,..., k, ; k, 1) + A(k, ,..., k, ; p, q)] 1 0 
7G,t...+lr$=-r 
and in the case, where this sum is zero, we see, that the coefficient of eo”z is of 
the form o(pm2) with some m, < r. In each case we have Stone-regularity. 1 
Remark 4.2. In the case of Birkhoff-regularity, the first expression in (i) of 
proposition 4.1 (a) resp. (b) for rr = I resp. r = Z is just equal to 8, or 0, . 
From the proof of proposition 4.1 follows then, that for the definition of Birkhoff- 
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regularity we have only to require either 8, # 0 or 0s # 0 in the case of even n. 
This has already been remarked by Salaff in [6]. 
If Qj E cm+*--),+i[O, 11, we have a stronger asymptotic estimation for the 
solutions of (1.1 a) considered here; namely we have 
see for instance [5, p. 541. So we get: 
Remarlr 4.3. If aj E Cn1+2-n+j[0, I] with m > E - $(m, + ms) - 1, then the 
coefficient of eD0s satisfies always the condition claimed in the definition of Stone- 
regularity. 
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